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SUMMARY 



The Secondary School Mathematics Curriculum Improvement 
Study ( SSMCIS) has two main objectives: 

1) To formulate and test a uni ?^ e ^ 0 ? e ^at a will 
school mathematics program (7-12) that will 

take capable students well into current 

collegiate mathematics*, 

2) To determine the education required by 
teachers who will implement such a program. 

To inaugurate the study leading ^^tates and^uropean 
mathematicians and educators met to formu P and to 

■SSJtSSSfS' 5Spo=./7-i| »th.- 

n»tics cwirae. Using the scope and sequence ^“chartas 
<riHdP a detailed syllabus was prepared for Course I l sevenxn 
grade) . This syllabus was expanded in papersdescribing 
methods of writing and teaching each specific topic. 

Usine the detailed syllabus as a guide, a team of eight 
mathematical educators wrote the t ®*^ 00 ^ e ^e W ed U by the 

Each chapter was written by one ^ eW ®£d then re- 

other writers and a consulting mathematician, and tnen re 

Sised before preparation for printing. Teachers guides and 
solutionsto exercises were written for each ^apterand 
^meographed for distribution to the teachers of pilot classes. 

lert selecte^to participated thedperimentll teachfng^of 

rr pre - 

g-SSS in^th^ftmtementa^nathematical'^oncepts underlying 
the^unified mathSJatics program andSOhoursincontemporary 
methods of teaching. During the follovn.^ academc ye 
team of two teachers taught a single pilot class using the 

SSMCIS textbook. 

The experimental teaching was evaluated in three ways^l’he 
director and project staff members made freq is 

the classes for direct observation. student ®*|J__ de signed 

hv three exfiunttinfittions—— prepsired by the projec _ _ _ _ . _ 

sar s 21 * 1 *** 

and problems in the experimental teaching. 

Results of the experimental teaching showed that the new mathe. 

l^v^promis^of^meeti^ ^® <3 ®^®cl a ti°ns e of^th® r P r °P 0 |®^ c ® i * 

ctelle^^n^^d t interesti^ a for S the^students^ «S. seve- 

ral revisions, a feasible one year course for the sevenxn 

grade. 
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Introduction 



During the past decade the United States hu *een^ngaged 

in revising the elementary and secondary school ® ra<Jitional 

S'rSSm'SS; rLiSUtlon. ofttj co-d«ion 

^llabus^odie^and by writers of ^^^g^h^s^rhas 

- experimental t». thre»«n=»t 

the country. 

Thr-nnrrhout all of our reform movements the traditional divi- 
SSI? “metructlon into separate 

arithmetic, algebra, and been gained 

Beyond introduction of new concepts, through 

in bringing more advanced study into tne ni f“ ^ il 'v, ++pr ^ 

more efficient methods of orga ”J;^?f on^for the improvement 
Bolder and more radical tlcs have been made 

hoth e S n tMs count ryt notably by the UICSM, and in Europe, 
notably in Belgium, Switzerland, and Denmark. 

What has been called for ^® c °? s ^®^one°which eliminates 
curriculum from a global p °^hmnche sofmathemat i cs 

ss s:r.ra5st rmXS 1 . .S-y^sra?^- 

sss , i 1 ;rric'ss l . ,, f? , tK a »s;r 1 ™L£ «« w 

S5SrSSfm2»SS«ioa‘ 

Tn SeDtember 1965, the Commissioner of Education, Department 
in beptemDer n „ A ^*1?*** Office of Education, 

of Health, Education, and Welfare, iu. secondary 

issrL^ssr5uS«iS r A.r««..2t « ssUiS 

SSS-T/S; isi?il s ^rs?r iSUuor“2* isr f 

the first year of experimental teaching m 
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Planning the 7-12 Program 

a rs s*as 

MMubSs 2S££? ogST Rental 

textbooks, and evaluation of teaching in pilot classes. 

T _ Tll „ 1066 a croup of eighteen leading United States and 

European'mathematicians anf ^ucators met for SO days to 

outline the scope and sequence of a six yea ^ united se con_ 
dary school mathematics program. The first half of tnec 
ference was devoted to producing a complete flow charge a 

StffSKTlSSS' -a* 

23 Ssats&srs &sx ssssrs- 

ideas. 

Writing of Course I 

During July and August 1966, a team of 

afess arras 

SK &■=££& -^SPStSSS' 

srass ?.=^r 2 ssH 32 ste 

ai.i a SliS?^«S2^SS^3 « ««< 

and suggested time allotment to the various topics. 

The Course I textbook (Experimental Edition) 

16 chapters and was published in three volumes • ^apter 
titles and brief descriptions appear below. A more detaiie 
description, including chapter subheadings, g 
Appendix A of this report. 

Description 

Introduction to flow charting 
algorithms. 

Study of properties of modular 
arithmetic systems. 

Sets and Operations Introduction to binary opera- 
tions. 



Chapter Title 

0 Planning a Mathe- 
matical Process 

1 Finite Number Sys- 
tems 



Mathematical 

Mappings 



Introduction to concept of 
mapping. 






'.'•'V-' r ' f -*•' 



Chapter Title 



Description 



4 The Integers 

5 Probability and Sta 
tistics 



6 Multiplication of 
Integers 

7 Lattice Points in the 
Plane and Mappings on 
Z x Z 

8 Sets and Relations 



9 Transformations of the 

Plane and Orientations 
in the Plane 

10 Segments, Angles, and 

Isometries 



11 Elementary Number Theory 



12 The Rational Numbers 



13 Mass Point Geometry 



14 Some Applications of 
the Rational Numbers 



15 Incidence Geometry 



Addition of Integers, 

First concepts of probabi- 
lity and descriptive sta- 
tistics. 

Definition and properties 
of (Z,«) . 

Lattice representation of 
pairs of integers. 

Set notation and properties 
of relations. 

Line reflections, point 
symmetries, rotations, and 
translations. 

Measure of segments and 
angles and preservation 
under certain mappings. 

Divisibility, primes, and 
the Euclidean algorithm. 

Addition, multiplication, 
and order of rational 
numbers. 

A small deductive system 
involving mass points. 

Dilations, ratio and pro- 
portion, percent, and 
translations. 

A small axiomatic affine 
geometry. 



Education of Teachers 

During the June 1966 conference a special program of study 
was arran/iedto prepare all the teachers of experimental 
classes*?? teach^ Course I. the 

£S£ S SS ^Motion £,ered 

fundamental mathematical concepts underlying the unif^d 
mathematics program and contemporary me 
standard and new mathematical topics. 



The program included the courses: 

TX 4351 Modern Mathematical Structures 

Theory of sets; groups, rings, ordered fields, 
isomorphism; affine space; euclidean space; real 
numbers’, vector spaces* numerical calculus*, sta- 
tistics. 

taught by Mr, Burt Kaufman of Southern Illinois University, 
and 



TX 4406- -Teaching Contemporary Junior High School 
Mathematics 

Emphasis on teaching mathematics as a unified branch 
of knowledge. Teaching: set theory, mapping, relations, 
and functions* structure of number systems* groups, 
rings, and field properties* algebraic stnicture* 
vectors* translations, reflections, rotations* symme- 
tries* plane geometry. Experimental programs and 
evaluation of mathematical learning, 

taught by Dr. Julius H. Hlavaty, a chief consultant to the 
project. 

The following is a list of the teachers and the schoois in 
which they taught the experimental classes during tne 
1966-67 school year: 

Carbondale, Illinois, University High School 
Mr. Dave Masters 

Elmont, New York, Alva Stan? or th Junior High School 
Mr. Alexander Imre 
Mr. Edward Keenan 



Port Washington, Perms yl vania, Germantown Academy 
Mr. Ronald Craig 
Mr, Wirt Thompson 

Glen Rock, New Jersey, Glen Rock Junior High School 
Mr. James Law 
Mr. Neil McDermott 



Leonia, New Jersey, Leonia High School 
Miss Christine McGoey 
Mr. Kenneth McGown 



New York, N. Y. , Hunter College High School 
Mr. Richard Klutch 
Miss Ruth Morgan 
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Port Chester, New York, Ridge Street School 
Miss Riva Machlin 
Mr. Thomas Reistetter 

Teaneck, New Jersey, Benj am in Franklin Junior High School 
Mrs. Annabelle Cohen 
Mr. Otto Krupp 

Thomas Jefferson Junior High School 
Mr. Franklin Armour 
Miss Louise Fischer 



Westport, Connecticut, Bedford Junior High School 
Mr. James Detweiler 
Mr. Ray Walch 



Each teacher was taken through selected chapters of the 
following hooks: 

1) T. J. Fletcher, ed. , Some Lessons in Mathematics , 
Cambridge Press. 



2) D. E. Mansfield and M. Bruckheimer, Major Ton i cs in 

Modem Mathematics , Harcourt, Brace, worxd. 

3) G. Papy, Mathematiques Moderne I , Didier. 

4) Mimeographed version of the experimental Course I 

textbook. 

All teachers showed intense interest and cooperated splen 
didly in acquiring the spirit and content of the proposed 
new curriculum. 



Teaching Course I 

Nine Junior high schools in the Metropolitan New York area 
and one in Carbondale, Illinois, were selected to participate 
in the experimental teaching of Course I. In each school two 
teachers who had received special summer instruction were 
assigned to teach a single pilot class. Eight of these 
classes were at the seventh grade level and two at the eighth 
grade level— involving a total of 350 students. 

The SSMCIS program is at present designed for capable students 
roughly those in the top 20 * of their class with respect to 
mathematical ability. With this population in mind, pilot 
classes were selected by the participating schools using 
prior mathematics achievement and scores on aptitude tests 
as the main criteria. 
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For the first year large classes ( 35-^0 students) were en- 
couraged so that a gradual drop out would enable a class 
of sufficient size to complete the sixth year of the program. 
However, at the end of the first year very few pupils are 
leaving the program and all classes, except that at Glen 
Hock, where administrative problems make it impossible tc> 
continue, will move ahead into Course XX during the 19b7— bo 
school year. Teachers and students alike have found the 
mathematics intellectually stimulating, interesting, and^ 
enjoyable. In fact, several students who have been forced 
to leave the program because of family change of residence 
have asked to be allowed to continue studying the SSMCIS 
textbooks on their own. 

Because the teachers of pilot classes were working as a 
team in the experimental class, they were often able to help 
each ether with difficulties that arose in understanding or 
teaching the new material. Having had this year of team 
teaching experience, the teachers are now prepared to teach 
Course I individually. The revised Course I text will 
therefore be used in approxisaately 20 new seventh grade 
classes during the 1967-68 school year. 

During the School year, the director and project staff 
memb ers made frequent personal visits to observe the experi- 
mental teaching. Each class was observed at least four 
times. Visits to these schools included discussion with the 
teachers and administrators concerning progress and problems 
with the experimental course. 

The teachers were further assisted by four full day Saturday 
meetings at Teachers College where teaching problems were 
reviewed with selected consultants and the project director. 
At these meetings many teaching difficulties were resolved 
and valuable criticisms of the textbook were gathered. 

Evaluation of Course I 

The six year mathematics program, of which Course I is only 
the first part, introduces many new concepts into the secon- 
dary school mathematics curriculum and integrates both 
standard and new topics in a global organization not charac- 
teristic of existing programs. Student achievement in such 
a program cannot adequately be measured using conventional 
standardized tests. For this reason, student learning was 
tested by three extramural examinations, constructed by 
the project staff. 

To guide construction of these and future measurement instru- 
ments, the Course I textbook was analyzed to produce a taxo- 
nomy of cognitive objectives. This taxonomy delineated goals 
of instruction in terms of subject matter and related beha- 
viors. The framework for this analysis is illustrated in the 
following tables. 



7 



TABLE I 

SCHEME FOR TAXONOMY OF OBJECTIVES 



Mathematical Objectives 

Structures: Arithmetic and Algebra Geometry Probability 



Fundamental gets operations Relations Mappings Logic 

Concepts: 

Behavioral Objectives 

I. Ability to recall definitions, notations, ope- 
rations, concepts. 

II # Ability to manipulate and calculate efficiently. 

IH # Ability to interpret symbolic data or processes. 

IV. Ability to communicate mathematical ideas. 

V. Ability to apply concept to a purely mathematical 
situation — solve problems. 

VI. Ability to apply concept to problems in other 
situations — solve word problems. 

VII. Ability to transfer learning to a new situation 
in mathematics. 

VIII. Ability to construct or follow a mathematical 
argument. 



Of course not all these categories apply to each su jjJ e 
matter topic, but the goals were checked against subject^ 
matter in a two-way cellular chart similar to the folu.jwing: 
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SAMPLE PAGE FROM TAXONOMY 
OF 'OBJECTTSES 









*V~»*9M#n*** 



j ,1 H W # W W 



The three examinations, constructed from this taxonomy were 
designed to measure learning of the important new metric 
tn Course I such as operational system, mapping, and ge 
transforms tionas^ell as standard seventh and eighth grade 
tnr>io«i which remain a part of the new course. Copies of 
these tests, administered in November, February, and May, 
appear as Appendix B at the end of this report. 

Although achievement on standardized traditioml mathematics 

tests was not accepted as a measure of 

experimental program, it was of inte r T a ff ec ted 

whether or not study in the experimental Course biective 
learning of traditional topics. To accomplish this object 
all students were administered the Sequential Test of Edu- 
cational Progress— Mathematics, Form 3A--in September 
and again in September 1967. The results of this testing are 
shown 6 in Table m following, along with the scores on h 
three project designed tests. 

These test results clearly she * that students in ^project 
pi neeps suffered no decline m mathematical skiiis wne 
co^arld ^th s?uSents studying “°re traditional programs. 
Mnrpnver the a,chi6V6ni6rvfc of thoso students on t P J , 
testsshiwsthatthey were learning to workwi th many new and 
powerful mathematical tools not a part of the traditional 
mathematics fare of seventh graders. 

Item error analysis of the project test papers j 

insight into the success of particular aspects of C. ours. 6 * 
instruction The complete data available from thes . - 

ieas^es of s^dent aptitude and achievement will be analyzed 

statistically during the year 19o7-oo. 

Revision of Course I 

Throughout the 1966-67 school year the projectstaffgathered 
detailed reactions to Course I from consultants and teachers, 
test results and observations of the experimental teaching. 
These findings suggested the following revision o ours- 

1 The chapter on flow charting mathematical alco-^ 

be rewritten to emphasize graphic C omputa- 

rithms rather than review and examinationof the ccmputa 
tional procedures of whole number arithmetic. In revised 
form this chapter would then be more aPP r °pr iate as a 
summarizing chapter than an introductory one. 

9 The chaDter on addition of integers should be rewritten 
from a different point of view since the 
concept will be removed from Course I and placed in 

Course II. 
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TABLE III 



TEST SCORES SSMCIS PILOT CLASSES 1966-67 

STEP STEP SSMCIS SSMCIS SSMCIS 

Class Class Test I Test II Test III 

, Mean Mean Mean % Mean <f> Mean % 

Class psrcen- Percen- Correct Correct Correct 5/&7 

tile tile 11/66 2/67 I 11 

9/66 9/67 



1 


98+ 


98+ 


77% 


63* 


79% 


7h% 


p 


98+ 


# 


835s 


59# 


66 % 


50% 




98+ 


98+ 


60% 


57% 


7k% 


75% 


j* 


98+ 


98+ 


82# 


66% 


72% 


69% 


“ 0 

R 


# 


# 


82* 


55% 


6056 


50% 


J* 

6 


# 


# 


# 


59% 


72% 


66% 


7 


98+ 


98+ 


67# 


h5% 


62% 


50% 


8 


98 


98 


6756 


56% 


# 


# 


9 


97 


# 


78* 


5U% 


60 % 


6356 


10. 


9&+ 


98+ 


82# 


60% 


65,% 


5% 



#S cores unavailable 






-w **•»»' 









, The chaD ter on mappings should be simplified and shortened 
3 - byoStti^ the workwith central and parallel projections. 

4 The chapter on rational numbers should be revjritten in a 
* style consistent with the new approach to the integers. 

5. The concept of orientation should be transferred from 
the chapter on transformation in the plane to Course ±1. 

6. The chapter on mass points and affine geometry should be 
expanded and made part of Course XI. 

Some of these revisions began in the spring of 1967; the 
remainder were left for the summer writing g p. 

This revised Course X textbook will be pilot tested again 
in the 6 same schools during the 1967-68 school year 1 lowever 
-hb-ic vpar each teacher will teach a class of seventh graaers 
individually. Therefore, the new seventh grade experimental 
population will include over 20 classes and 700 students, 
work of this year will be carefully evaluate dand in July 
1968 a final revised edition of Course I will be piacea in 

the public domain. 

Planning for Course II 

The June 1966 syllabus conference liSt 

of chapters for Course II. However, the order of tnese 
chanters, details for writing the textbook, and modifications 
due to the experimental teaching of Course I was determined 
in the spring of 1967. 

To initiate the Summer 1967 «riting, a 

was held on Saturday and Sunday, March 11-12. P steiner 

attending were Howard F. Fehr (Director) , Hans -( Seorg I Steiner, 
Julius H Hlavaty, Edgar Ray Lorch, Marshall H. Stone, ana 
Thomas j! Hill (consultants) and H. Laverne Thomas and 
James Fey (research assistants) . 

The following items were discussed: 

1. Review of the experimental study to March 1, 196 

2. Revision of Course I in light of the experimental results. 

3. Improvement of Teachers Manuals for the couise. 

4. Testing program and its results. 

5. Preparations for the Office of Education Site Visiting 
Committee on April 10, 1967. 
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6. Organization of the June syllabus conference, 

7. Organization of the summer writing. 



8. Teacher education programs, 



9. Extension of pilot classes to the eighth year. 



In particular, the group outlined the responsibilities of 
the June 1967 conference for planning Course II. Copies or 
this report were mailed to all participants in the June 
conference one month in advance of that meeting. A copy of 
this report appears as Appendix C. 



On April 10, the Office of Education sent a Site Team of 

experts to examine the work of the project. its 

merits, and its projected plans for the future. The O.E. Team 

consisted of: 



Miss Veryl Schult, Office of Education 

Dr Andrew Molnar, Office of Education 

Professor Gail Young, Tulane University 

Dr. Leon Cohen, Executive Officer, Mathematics Di\ision, 

National Academy of Sciences 
Dr. Robert Davis, Syracuse University and Webster 

College. 



The persons representing the Project were: 



Professor Howard F. Fehr, Director _ 

Professor Thomas J. Hill, Coordinator of Writing Team 
Dr. Julius H. Hlavaty, Consultant 
H. Laverne Thomas, Research Assistant 
James Fey, Research Assistant. 



Persons representing the cooperating schools were. 



Dr. Bernard Miller, Principal, Hunter High School 
Mr" James Winn, Secondary Curriculum Coordinator, 

Teaneck, N.J. Public Schools 
Mr Franklin Armour, Teacher, Thomas Jefferson Junior 

High School, Teaneck, N.J. 

Mr. Edward Keenan, Teacher, Alva Stanforth Junior 

High School, Elmont, New York 
Mr. Ray Walch, Mathematics Coordinator, Westport * Conn. 



The report of this visit is in the files of the Cfiice of 
Education. 
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A proposal for support of t». ST"' 

™S«S?o“ro*fSi of.Su5.lPn 1 » »67. On 

June 14 1967, the proposal was approved, and ini ti 

f^ancing of $ 112,000 of Federal Funds allocated for 

immediate Future Activity 

The activities as presented in the new proposal are: 

teacher s°manua ’ s° ^^C^rse'n.! 8 ®^^^^^ edmon? 1 * 

*• WSW K Wit ‘WrtL&W 1 ?«S «rsa 1 
will^be 8 examined for minor revisions and then placed 
in the public domain. 

3 to teach, under controlled conditions, the Experimental 
Course II during the year 19o7-o°. 

4 To hold a June conference in 1968, followed by 

' writing, to make revisions of Course II, to P^par^a 
syllabus and write Course III, to train t. .. 

to teach Course III experimentally, and to initiate the 

classroom teaching. 

of Accomplishments t.o June 30, 1961 



Summar; 

The first phase of SSMCIS has produced a f low chart of a 

raSsaa 

group ft mathematical ^""^^fS^tSstSTSTS 
textbook Course I for grade 7. The course was 
classes involving 350 children and the results oiini 
t.eachina Drovided sufficient information to , 7 

textbook into a sound and teachable program for grade 7. 

r w 
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school teacher must have to administer the course success- 
fully. The study program was bolstered by Teachers Manuals, 
one for each chapter, produced by the writers and mathe- 
maticians. These manuals listed goals, supplementary 
materials, and solutions (or answers) to all problems in the 
textbooks. 

The Study has planned for the continuation of the project 
by writing material and initiating the teaching of Course II 
( eighth grade) and Course III ( ninth grade) . It has also 
initiated means of releasing the results of all the experi- 
ment with respect to grade 7 to the public domain after the 
Summer of i960. 

Concomitantly it has initiated and furthered two doctoral 
researches, one on the hierarchy of learning of the 
function concept, the other on oral communication in the 
mathematics classroom. 
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0 PLANNING A MATHEMATICAL PROCESS 

Flow Charts 

Branching and Looping in Flow Charts 
Flow Charting Addition 
Flow Chart for Subtraction 
Operations and Non-operations 
Flow Charting Multiplication 

1 FINITE NUMBER SYSTEMS 

Jane Anderson' s Arithmetic 

Clock Numbers and Whole Numbers 

Clock Arithmetic 

Calender Arithmetic 

Open Sentences 

New Clocks 

Rotations 

Subtraction in Clock Arithmetic 
Multiplication in Clock Arithmetic 
Division in Clock Arithmetic 
Properties of Clock Arithmetic 
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2 SETS AND OPERATIONS 

Ordered Pairs of Numbers and Assignments 
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Computations with Operations 
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Properties of Operations 
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Arrow Diagrams and Mappings 
Mapping of Dial Numbers 
Sequences 
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Translations Along a Line 

Mappings from W to W on Parallel Lines 

More on Mappings from W to W on Parallel Lines 

Parallel Projections 
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THE INTEGERS 
Introduction 

Directed Numbers ^ „ . 

Addition Properties for Directed Numbers 
The Magnitude of a Directed Number 
A Flow Chart for Addition 
Subtraction of Directed Numbers * 

An Isomorphism Between (W,+) and (w,+) 

The Set of Integers Z 

Construction of Z from W 

Ordering of Integers 

The Absolute Value of Integers 

Additive Identity Element and Additive Inverses 



PROBABILITY AND STATISTICS 
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Discussion of an Experiment ^ . . 

Experiments to be Performed by Students 

The Probability of an Event 

A Game of Chance 

Equally Probable Outcomes 
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Research Problems 

Statistics 
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Operational Systems (W,*) and (Z,») 
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Multiplication of a Positive Integer and a 
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Multiplication of Integers Through Distributivity 



LATTICE POINTS IN THE PLANE AND MAPPING ON a X Z 
Points and Ordered Pairs 
Some Important Properties of Points, 

Lines and Planes 

Assignment of Ordered Pairs of Integers 
to Lattice Points 

Conditions on Z X Z and their Graphs 
Intersections and Unions of Solution Sets 
Absolute Value Conditions 
Lattice Point Games . _ 

Sets of Lattice Points and Mappings of 

Z into Z 
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SETS AMD RELATIONS 

Sets _ _ . 

Uni ve r sa l" Set , 'unions , Intersections, Complements 

Membership Tables < 

Product Sets*, Relations 
Properties of Relations 
partitions 

transformations of the plane and orientations in 
the plane 

Knowing How and Doing , 

Reflections in a Line (Part 1) 

Lines, Rays and Segments 

Perpendicular Lines 

Rays having the Same Endpoint 

Symmetry in a Point 

Trans lati ons 

Rotations 

SEGMENTS, ANGIES, AND ISOMETRIES 
Iiitroduction 

Lines, Rays, and Segments 
Planes and Halfplanes 
Measurements of Segments 
Midpoints and other Points °* 

Using Coordinates to Extend Isom 
Coordinates and Translations 

Using^Coordinate^for Line Reflections and 
Point Symmetries 
What is an Angle? 

Measuring an Angle 
Boxing The Compass 
More About Angles 
Angles and Line Reflections 
Angles and Point Symmetries 
Angles and Translations 



cum Measures 



’/n-p Angles of a Triangle 



ELEMENTARY NUMBER THEORY 
(N,+) and (N,-) 
Divisibility 
Primes and Composites 
Complete Factorization 
The Sieve of Eratosthenes 
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Quotients and Ordered Pairs of Integers 
Rational Numbers 

Multiplication of Rational Numbers 

Properties of Multiplication 

Division of Rational Numbers 

Addition of Rational Numbers 

Subtraction of Rational Numbers 

Ordering the Rational Numbers 

Integers and Rational Numbers: An Isomorphism 

Decimal Fractions 

Infinite Repeating Decimals 

Decimal Fractions and Order of the Rational 
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13 MASS POINTS 

Deductions and Experiments 

Preparing the Way: Notations and Procedures 

Postulates for Mass Points 

A Theorem and a Deduction Exercise 

Another Theorem 

A Fourth Postulate 

A Theorem in Space 

14 SOME APPLICATIONS OF THE RATIONAL NUMBERS 

Rational Numbers and Dilations 
Computations with Decimal Fractions 
Ratio and Proportion 
Proportional Sequence 
Meaning of Percent 
Solving Problems with Percent 
Translations and Groups 
Applications of Translations 

15 INCIDENCE GEOMETRY 
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Axioms 

Direction 

Some Consequences of the Axioms 
Parallel Projection 



19 

'■> 



o 



APPENDIX B 

INTERIM AND PINAL TESTS OF 
SSMCIS 



Test I November 1966 



m 

1 



o 

ERIC 



I. 



II. 



At the right is a flow chart 
for one method of dividing a 
number N 1 by another number N^. 
Match each phrase below with 
the box number or numbers which 
it describes. 

decision box 

loop 

operation box 

output box 

input box 



START 



2 , 3,4 

3 



1 

5 

4 



I 1 - 




1 

s 


4* 




2. 


Guess a 


number j 






n 3 . 


I 

i 






X 




i 


I 37 


Compute 


N 3 xN 2 ] 


i 




i 




*. no 1 


\h 


Is N^xNj 


. = N n ? i 




lr. 








i 


yes 




I 5 - 


N 1 * N 2 


irsn 

1 



STOP 



Given below are tables for addition and multiplication in 

Z, 



J 6* 



+ 


0 


1 


2 


3 


4 


5 


0 


0 


1 


2 


3 


4 


5 


1 


1 


2 


3 


4 


5 


0 


2 


2 


3 


4 


5 


0 


1 


3 


3 


4 


5 


0 


I 


2 


4 


4 


5 


0 


1 


2 


3 


5 


5 


0 


1 


2 


3 


4 



• 


0 


1 


2 


3 


4 


5 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


2 


0 


2 


4 


0 


2 


4 


3 


0 


3 


0 


3 


0 


3 


4 


0 


4 


2 


0 


4 


r\ 

C. 


5 


0 


5 


4 


3 


2 


1 
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A. Compute each of the following In (Zg,+,*) 

1. 2 + (3 + 5) 

2. 2 ■ (3 • 5) 

3. ft + (”3) 

ft. 5 - ('2) 

5. 4 • (2+5) 

B. Find the solution set for each of thefollowing open sen- 
tences in (Zg,+,*) 

1. x + 3 = 1 

2. 3 • y = 2 

3. 5z + "2 = 3 

ft. "3 P = 0 

C. Give an example which shows why each of the following is 
false. 

1. Every element of (Z^+,0 has a multiplicative inverse 



2. Subtractions commutative in Zg ~ 

III. For each of the following diagrams state whether or not 

the diagram represents a mapping. If it does represent a 



mapping, give its domain and range. 




Domain: { } Range: { 
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b) 






u. 



<— 



No 



Yes 



Domain: { 






} Range: { 



IV. Two operations, o and # are defined on the set of whole 
numbers by a o b = a and a # b = 2a + b 

A. Compute the following: 



1. 5 o 11 

2. 5 # 11 

3. 8 # ( 12 o 1007) 

4. ( 6 o 3) # 10 

B. Identify each of the following as true or false: 

1. In (W.o), o is commutative. 

2. In (W,#/, # is commutative. 

3. In (W 3 o), o is associative. 

4. a # b = a # c implies b = c. 

C. Find the solution sets of the following open sentences 



in (W,o ; #) . 

1. 7 # y « 15 

2. x o 7 = 10 

3. 8 o (r #y) = 9 

V. A mapping between sets of whole numbers is to have the rule 
n ■> 2n - 5. 

a) What set of whole numbers cannot belong to the domain 

of this mapping? { } 

b) What set of whole numbers can be in the range of this 

mapping? { ) 



VI. Let the mapping f from W to W have the rule n — > n + 3, 
and let the mapping g from W to W have the rule n > 2 n. 

a) What is the image of 5 under f? 

b) What is the image of 5 under the composition of f with 

6 * 

VII. Consider the mapping from to given by the rule 
n > (n-n) +2. 

a) On the figure at the right 0 

4 1 

construct an arrow diagram 

3 2 

for the mapping. 

b) Is the mapping a one-to-one mapping? Yes No 

Why? __ 

c) Is the mapping an onto mapping? Yes No 

Why? 



Test II February 1967 



Given at the right are multiplication 



and addition tables for Z^. 



+ 


0 1 2 ? 


0 12 3 


rn 


0123 TP 


0 0 0 6 


i ' 


: 2 3 o l 


0 12 3 


2 


2 3 0 1 2 


0 2 0 2 


3 


3 0 12 3 


0 3 2 1 



1. Determine which of the following are or are not properties 



of {Zu ,+ ,•). In either case, illustrate your answer with 
a numerical example. (For example: "ab = ba” is true — 



2*3=2 and 3*2 =2.) 

a) x(yz) = (yx)z for any x, y, and z in Z^. 
example: 









b) If xy * xz then y = z for any x, y and z in Z^. 



c) 


0*x « x for any x in Z^. 






example: 




d) 


If xy = x + y, then x = y =-- 0. 






example: 





. Find the solution set of each of the following open 
sentences in ( , • ) . 

a) 2x = 3 

b) 3x + ~2 * 0 

c) 2(x +1) = 2 

. For each of the following questions write the letter cor- 
responding to your choice of the correct response in the 
space at the right of the question. 

1) f is a mapping of Zg to Zg with rule n — — > 3n + 2 and 
g is a mapping of Zg to Z^ with rule n — >3n - 4. 

Thus 

a) f and g are the same mapping. 

b) f and g are different mappings. 

c) f and g are inverse mappings. 

d) f and g are onto mappings. 

2) 012345678^ b Lines a and b are parallel and 

scaled with the same unit and 

012345678 >a in the same dlrection - 

2.1) f is a translation from W (on a) to W (on b) which 
maps 3 to 14. Then f must have the rule 

a) n > 5n - 1 

b) n > 17 - n 

c) n > n + 11 

d) n > 3n + 5 

24 
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2.2) h is a mapping of the subset { 1,2,3* . . « >20} 

of W ( on a) to W ( on b) with rule n — — ■— i > 20 - n. 

In this mapping 

a) h is parallel projection 

b) the image of 17 is to the right of the image 
of 15. 

c) h is a translation. 

d) the image of 17 is to the left of the image 
of 15. 



2.3) If g is a central projection of W (on a) to 

W (on b) where the center of the projeccion is 

not between lines a and b, and g: 3 •> 15 * 

then g has the rule 

a) n > 5n - 3 

b) n > 18 - n 

c) n > 5n 

d) n > 6n - 3 

2.4) If j is a translation of W (on a) to W (on b), 

A, Bj C are points on line a such that j: A 

j: B >B* , j: C >C* , and AC = jjAB, then 



a) A» C* = -jpA* B* 

b) AB* is parallel to A* B 

c) C' B' = %A< B' 

d) A' C' = |a> B' 

4, Three operations are defined on the set of 

vhole numbers by a b = minimum of a and b, a b = 0, 
a b — 2a b. 
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4 . 1) Compute the following: 

a) 16 # x 33 

b) (4 # 2 13) #3 12 

c) 5 #! (7 # 2 ID 

4.2) Identify each of the following as true or false. 

a) In (W,#j) , # 1 is commutative. 

b) In (W,# 2 ) , if a # 2 b = a #2 c, then b = c. 

c) In a # 3 b = 2(a b) 

d) In (W,#, ,#-), a #, (b # 2 c) = 

(a b) #2 ( a ^1 

4 . 3 ) Find the solution set of each of the following 
open sentences. 

a) y #2 ( 3 # x ( ^ #3 1) ) = 5- 

b) 10 # x ( y #3 5) =7 

c) y # x 7 = 7 # 3 1 

5. Compute each of the following in (Z,+) , the integers. 

a) 36 + " 54 

b) "36 + + 57 

c) ("21 - "30) - "12 

d) | ”17 + "3l 

e) | “17 1 + I ~3 1 

6. Fifteen balls numbered 1-15 are placed in a box. If the 
balls are well mixed and one ball is drawn out of the box, 
what is the probability that a ball is drawn which has 

a) the number 3 

b) an odd number 

c) a number greater than 4 — 

26 
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r. For each of the following insert the correct symbol 
(<, >, =) in the blank. 

a) “97 ’32 

b) | “13 + 10| I ”73 - "76 1 

c) 14 - "79 79 + "l 1 * 

d) -C('6)) + 6 

a) |~x| | x | for x any integer. 

8. A standard thumbtack is tossed 15 times. On each toss it 
can land up or down. Determine which of the following 
statements are true and which are false. 

a) It is impossible for the tack to land "up" all 15 times. 

b) The tack will either land "up" seven times and ’’down” 
eight times or ”up” eight times and ’’down” seven times. 

c) The relative frequency of occurrence of ”up” plus the 
relative frequency of occurrence of "down” is 1. 

d) If in an earlier toss of 15 the tack had turned up 
eight times and "down" seven times, then this result 

is certain to occur in each following group of 15 tosses 
9. Compute each of the following in the indicated operational 



10 . 



system. 

a) 5 + ( 3- 6) 

b) (4 - ”2) -3 

c) 20( 6 + '4) 

d) (3 + 4) 2 
Indicate by writing 



In ( Zjf + ) * ) 

In ( Z^,+, * ) 

In ( » ) 

In (Z£,+ ,-) 

"True" or "False" 



which of the 



following statements are true and which false. 

a) In ( Z,+) each element has an additive inverse . 

b) In (Z,+) a - b * b - a for any integers a and b 

c) The equation a + x = b has an integer solution 

?7 
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for every pair of integers a and b 



d) If a 4- b = c + a. 


then b 


integers a, b, c* 


e) |a - b| < |a + b| 


for any 


Referring to the bar 


graph at the right. 


Auto 


answer each of the 


Furn. 


following questions: 


Cloth, 

Food 



Family Buying 




a) What does each unit on the horizontal scale repre- 
sent? _ 

b) The amount spent for food is about how many times as 

much as that spent for funniture? _ 

c) If the horizontal scale were to each utit shown, 

how would the length of each bar be changed? — 

Find the solution set in (Z,+) for each of the following 

open sentences. 

a) n + **8 = + 5 — 

b) n } ’396 = "1732 - + 21 

c) |n| + |n - + 4| = 24 




am 




m 






Lines a, b, c intersect at the same point and are scaled 
with the same unit, with zero at the point of intersection. 
For each of the following record the letter of your choice 
for the correct response in the space provided at the 
right. 

13.1 f is a mapping from W ( on a) to W(on b) with rule 

n > pn. If straight lines are drawn connecting 

points on line a to their images on line b, then 

a) the lines drawn are parallel. 

b) the lines drawn are not parallel and do not 
intersect at a common point. 

c) the lines drawn intersect at a common point. 

d) f is a central projection. 

13.2 If g: W (on a) > W (on b) and h: W(on b) > 

W (on c) are parallel projections then h with g: 

W (on a) > W (on c) 

a) is a central projection. 

b) has rule of the form n > n + a. 

c) is neither a parallel nor a central projection. 

d) is a parallel projection. 



a large corporation sponsors 20 television programs each 
week in the New York Area. A sample of 20 people were 
selected and questioned as to the number of these programs 
they watched during the preceding week. The results were 
then recorded in a grouped frequency table as shown below. 
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FINAL TEST 
PART I 



1) Compute in the system of integers (Z, •)* 

a) (-13) - (-17) - 

b) 11 + (-5) - 

c) (-13)00 - 

d) (-13K-50 » 

e) (20 r (-9)) * (20 x (-16)) c _ 

f ) -$0(15 - 23) - 

2) Solve each of the following open sentences in the system of integers — 

(Z, +, •). 

a) x + 10 - 2 

b) 3x - 20 - x 

c) j x - 5 j a 5 

d) x + 3(x - 2) * 2 

e) x (x + 2) * 0 

3) For each point labeled on the lattice 
at the right, give the ordered pair 
of integers which are its coordinates. 

A * 

B * 

C - 

B * 
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U) On the lattice at the right, draw 
a closed curve encircling the set 
of points with coordinates (x,y) 
satisfying: 

a) y = -x. 

b) y * x ♦ 1. 

Indicate which set of points is a) 
and which is b)» 
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*>) Answer true (T) or false (F). 

a) | -20 + 3o|<|20 - (-36 )| 

b) -232 ;> -752 

_____ c) (Z, *) is isomorphic to (Q 1 , +) where Q* is the set of all 
rational numbers which can be written in the form a for 
some integer a* 1 

d) (Z , •) is isomorphic to (Q, •) where Z + is the set of positive 

integers and zero* 



e) -£^{w:wisa whole number} • 

s) (1, 3, 5, 7, ... } n ( 0 , 2 , u, 6, ... } - w. 

g) (a, b] I te, d} - -{(a,c), (b,d)J . 

h) For whole numbers x, y, and z, if x^y and y ^z, then x %• 

i) If E is an event with probability i > then the probability of 

the complementary event E is 3 • ° 



i) 



The additive inverse of 



-12 

a 



is 



12 

21 * 



k) 



The multiplicative inverse of 



-12 

21 



is 



21 
12 * 











Bach region of the Venn diagram below Is numbered. Next to 
each set given at the left, list all the regions of the 
diagram which make up the set. The answer to the first 
part is given as an example. 



A 1, 2, 3, 5 

A U C 

B 0 C 

S 



The pointer on the dial at the right is 
spun. Match the event below with its 
probability. 




a) 1 



1 



b) 1 or 2 or 4 

c) 4 

d) 1 or 4 






listed below are the rules for four mapp J; * 
Sach mapping takes point A = (2,1) into a different 
Select the image of A for each mapping from the set 
Labeled points on the lattice. 



Z. 

image. 

of 



T 2,3 s ♦ (x+2 * y+5) 

T_ Xi _ 4 : (x,y) — -V (x-l.y-4) 

D_ 2 : (x,y) {-2x, -2y) 

"-1,-4 0 T 2,3 : (x * y) ► ? 
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10) Prom a school of 900 students, one student is chosen at 
random to represent the school at a state convention. 

a) What is each student's probability of being 
“ ' chosen? 



b) If the school has 4o£ boys, what is the proba- 
bility that a girl will be selected? 

c) If the school has 250 eighth graders, what is 
the probability that one of them is chosen. 



11) Mr. Green finds that on a long trip he averages 200 miles in 
k hours of driving. He is planning a trip of 900. mile a. 



a) Using t for the number of hours needed to travel 
900 mile s, write a correct proportion involving t. 

b) Find t. 



12) What is the actual cost of a tennis racket marked $19*95 if it is 
sold at a discount of 1 $f> ? 



15$ Join has had $500 in his savings account from January 1 to July 1* If 
the pays him interest at the rate of % for 6 months, hour 
much interest will he receive on July 1? 



PART 11 



1 ) 



w .«* fraction on t» L« «» «• a*nv^« on t!» 



right. 



a) 



d) 



1 


14 


? 


16 


7 


SS 


8 


28 


27 


36 


15 


72 


112 


9 


56 


5 8 



2 ) Coalite in the system of rational numbers 






a) =£. 

3 -12 

b) H *2 

5 7 

c) •=£ + - 

10 5 

*> 1-f 

t 2 1 + 22 

e) - . - + ~ • 

7 3 7 3 

f) 17.375 + ^3.625 

g) 14.7 ■ 32.3 

h) 4.31 x 7.5 

1 ) 5.544 + 1.32 
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3) Solve these open sentences in the system of rational 
numbers — (Q, +, •)• 



a) Z = & 
2 x 



b) -7* - 5 



c) 1 + x - -| 
9 18 



d) 1.62 + y * 3#10 



e) I = 

3 



12 

5 



f) x 2 = i 



4 

9 



8 



g) £ + y « 16 

3 



4) 



Compute in (Q, «) where Q is the set of rational numbers and 

a + b 
2 



a « b - 



a) 10 * 27 



fc) (5 « 11) « 7 



c) i.i 

3 2 



36 
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In the following table, indicate with a T or an F whether 
the property listed on the left holds in the system liste 
at the top. One sample has been done for you; namely, 

(a + b)c » ca + cb is true for all a, b, c in the set of 

integers — (Z, +, •} 















For all a, b, c 


(W,+,*) 1 


(Z.+.') 




- 

A. (a + b) + c ■ a + (o +b) 






! 


B. a - b = b - a 








C. a + x = 0 has a unique 
solution. 








D. a < b then ac < be 








E. (a + b)c - ca + cb 




T 




F. ax = 1 has a unique 
solution if a 4 0, 









6) Draw in all lines of symmetry for the following figures. 










7) A p lane eeonetric figure can have one or more of several 
types of symmetry: 1) Symmetry In a point, 2) Symmetry 

in a line, 3) Rotational symmetry. For each figure shown 
below, list the types of symmetry it has. 
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8) A salesman is allowed $.11 per mile for car expenses while driving 
his car in his work. If he received $11*9.27 in car expenses for one; 
month, how many miles had he traveled that month in his work? 



o) On a candy counter two chocolate bars of the same kind but different 
size are offered for sale* The smaller bar weighs ire ounces and costs 
The larger bar weighs 6> yAu ounces and costs ln7 Which 
chocolate bar is the better buy? 




APPENDIX C 



Working Paper For June, 1967 Syllabus Conference 



The 1966 June P lan ^ d £°f school mth^lticf progr^*® 
of a unified six year seconda ry school » itions of the 

A special sub- committee ? a “® t ? h e tonics which were to be 
material by years and order anticipation of the work of the 
treated in the first year. In anticipa^ llst of 

forthcoming June conference.thefolio ing the res- 

the topics planned for the second year. & detailed 

ponsibility of the June confer e ^ late pedagogical 

outline of ^is course ^d to maje^ppr^ ^ ^ 3Ug . 

suggestions. The topics Following this 

gested by the March plo^n | ti the specific content 
list are explanatory J ot ® s * n +j!; e June 1966* conference, 
proposed for the chapters y mathematicians and not 

h^ssss^ for the teach8r8 

and pupils. 

i- 

i .0 .... ...i 

f: fiSSSl. «o«l« rroMM. Ml the 

Pythagorean Theorem. 

8. Combinatorics and probability. 

9* Transformations in space. 

u. ^ e ^iomtic r Sp?oaIh r ti the measure of plane sets. 

1. v? as.™ tS“hreus.isr* 

committee reports. 

1. Mass point geometry clause; 

has 8 indicated°th!S ' tl of lu cSapters of that book can be 
covered. 

8. Axiomatic trea ^ t 0 ? f c ^p^r I5^1sf frlm^he'fi^st year 
to be an expansion of Cgptar^s following re com- 

S2E5« *5 Ke W i966Tomltry committee: 



- 39 - 



- 2 - 



Grade 7: a small but precise axiomatic treatment of 

inoidcnce ana order axioms for a plane yielding 
notion of direction, system of axes, convex sets, 
halfplanes, and convex polygons. 

Grade 8: Small axiomatic treatment of affine plane 

geometry, using incidence relations, order, and 
congruence relation on every line, with conser- 
vation of middle points by projection. Vectors 
as points of a plane with an origin, and as tran- 
slations. Coordinates; equation of a line; in- 
equations defining a half plane. 

2. Statistics 

Descriptive Statistics 

Goal: To extend the treatment of topics presented in grade 

7 in descriptive statistics to numerical treatment of 

central tendency and dispersion. 

List of subjects: 

1. Measures of central tendency 

2. The summation symbol 

3. Measures of dispersion 

4. Scatter diagrams 

Mathematics needed: Square roots 

Time allotment: from one to two weeks 

Commentary: 

1. The following measures of central tendency are to 
be studied: 

a) the (arithmetic) mean 

b) the mode 

c) the median and the quart lies. 

The above topics are to be presented, using the 
data compiled in the experiments at grade 7. The mean 
should be computed for grouped and ungrouped data. 

For data with an odd number of observations the med- 
ian is defined as the middle observation and for data 
with an even number of observations the median is de- 
fined as the mean of the two middle observations. For 
grouped data the median and the quartiles are defined 
with the aid of the cumulative frequency polygon. Cases 
where the median is preferable to the mean as a measure 
of central tendency are discussed. 



- 40 - 



2 , The use of the summation symbol is explained and 
illustrated. 

The following formulas are derived: 
a) 




n 

S 

i=l 




n n 
s ftj - E b 
i=l 1 1*1 




n n 

E ca, * c £ a. 
i=l 1 1*1 1 



n 

d) E c * nc 
i=l 

(Derive above intuitively, using n * 4) 



3. The following measures of dispersion are to be 

a) the range, b) the middle 90 % range, c) the 

variance and the standard deviation. The use of 
the range in quality control in industry can be 
mentioned. The variance s is defined as 

s 2 = \ ■■ s fo- at) 2 
n-i 1=1 i 

(Note that the above forula is a definition and is 
justified as a useful tool in the subsequent study 
of statistics. It is easy to show that it is in- 
deed a measure of dispersion. ) 



The formula 

2 1 y 2 ~r2v 

8 22 nTXViii x i / 

is derived. 

4. The students should make scatter diagrams with 

several sets of data involving pairs of observations. 
Some of these sets of data should be collected by 
the students themselves. The different sets of 
data should illustrate cases where: 

a) the scatter diagram suggests a line with positive 

slope, 

b) the same as a) with negative slope, 
c; no suggestions of a line. 

Some discussion of different uses of the fitted 
straight line should be made (see Mosteller, Rourke, 
Thomas, p. 364). 
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4. Sets and Groups 

II. Group Theory and Field Theory 

A. Notation and language of sets 

1. Symbols: €, u, 0, c, c, complementation, Venn 

diagrams. 

2. Subsets, power sets, measure of sets and unions of 

sets. 

3. Conditions on sets and open sentences; formal Im- 

plication and inclusion. 

B. Groups 

1. Definition of group (G,*) 

2. Simple deductions from definition: uniqueness of 

identity and inverses, cancellation; introduce sym- 
bol □ for inverse operation and deduce laws for con- 
nections between * and □. (Interpret this connection 
for rings and fields in terms of substraction and 
division); Solvability of linear equations. 

3. Simple isomorphic groups; classifications of groups 

of given order: 2,3, 4, 5, 6. 

4. Subgroups, condition that a subset is a subgroup; 
diagram of subgroups of a group, related to geome- . 
try. 

5. Mappings and permutations: the group of pe mutations 

Sj. (The 16-puzzle: see Kaufman notes). 

5. Fields and introduction to the real numbers 

1. Define a field (F,+,*) as a commutative group (F,+) 
such that (F - [ 0 ) , * ) is a commutative group, # is 
distributive over +, and there are at least 2 elements 
in F. 

2. Solutions of linear equations over fields in general. 

3. Definition of an ordered field, and solutions of 
linear inequalities. 

4. By divisibility argument show /2, /3# * - etc. are 
not rational. 
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5 . Review the rational coordinatization of line and 
locate 1 2, />, on line by Pythagorean relation. 

Define a sequence as a napping from N into a set. 
Determine sequences of ratlonals approximating /2, 
etc., and describe reals as numbers represent- 
ed by infinite decimals. (See work by numerical 
group) . 

6 . Real Functions — Recommendations for the second year 
work on real functions come from two groups: 

A. Algebra — Functions (on reals) 

1. Review of mappings on a set, arrow diag r am s , 

ordered pairs, graphs 

2. Language of mappings: domain, range, 1-1, onto, 

image set: f is a function from its domain into 

its range and onto its image set; inverse func- 
tion, composite function, with graphs. 

3 . Algebra of functions: addition, multiplication 

(graphically) with examples; periodicity, mono- 
tonic ity, symmetries. 

4. Polynomial functions in R. 

1. Linear functions and their graphs, 

2. Quadratic functions and their graphs, 

3. x > x, with transformation of its 

graphs, , , 

4. Step fcts., [x], |x{ and their graphs. 

B. Analysis — Precalculus (approximately grades 8-10) 

The list of topics in the precalculus treatment 
of functions is not strictly linearly ordered. Sev- 
eral of the concepts in II can be introduced in con- 
nection with some of the functions mentioned in III; 
and many of the functions mentioned in III will be 
used as examples very early. 

I. Concept of function 

1. General mappings. Concept of function, 
rt nma inj Ana range. Different kinds of 
notation. Composite function, identity 
function. 

2. Functions given by fo rmulae, tables, graphs , 
scales, jacereises in maxing taoies ana 
drawing graphs for functions given by for- 
mula Xnot necessarily very simple formulae). 
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II. 



l. 



2 . 






4 . 

5 . 

6 . 



7 . 



8 . 



. 9 . 



III. 



1. 



2 . 



Affine func tions* piecewise li near functions. 
Userui examples tnroughout tine course are 
functions of the form £a*|x - b^|, where 
a nd b^ are given numbers. 

The function Af . Linear inte rpolation. 

Description of real functions 

Graphs and /or tables of f + g* f - &» 
max [f,g], min [f,g], |f J where graphs or 

tables for f and g are given. 



Monotone functions & piecewis e monotone 
functions . Definition X simple properties. 

Bounded functions. Sums, products, etc^ of 
bounded functions. The set of bounded func- 
tions on a given domain forms a vector space. 
(This latter property should be noted when 
the concept of a vectorspace is at handj. 

Maximum & Minimum (global & local) 



S ymmetry* even & odd fu nctions. This con 
cept can be introduced in connection with 
the study of the function x — > x . 



Convexity of a function . R e l ated to the 
definition of a conve5Tpoint set. 



Periodicity. Important examples: circular 

functions and x - [x] . 



Sraphs of f(x) + a, f(x + a), gif)* 
where the graph of f is given 
requires knowledge of parallel displacements 
o~a -*• of fine- mannings 1 . 



Special behavior of f(x) for large values 
of x. This item is of importance Jn con- 
nection with the functions x and 



Special Functions 

Step functions. Important example: [x]. 

Together with [x] it would be in order to 
investigate x - [x] , and, perhaps x - (xj - 
1 / 2 . 

X — > X 2 , x — > x n , x — > £, X -> /k. X — > Vx. 



o 
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Systematic study of the polyn omia l func- 
tions of second degree with respect to 
the properties listed under II. 

7. Perpendicular ity, scalar products , and the Pythagorean 
Theorem — 

Introduction of perpendicularity of directions i scale 
factor of two half lines* 

Scalar product: law of cosines and Pythagorean 

Theorem* Study of f 2. Equation of a circle in an 
orthonormal basis. 

8. Combinatorics and Probability — 



Probability 

Goal: To develop on an intuitive level the background 

for the more formal study of probability in grades 

9 - 12 . 



^ study of some experiments to develop the notions 

space, event, elementary probability, and uniform 
probability distributions. 

Mathematics needed: Sets and subsets 

Time allotment: 1 week 



Commentary: 

The following experiments can be used: 
l) Tossing of a loaded die. 

Tossing of a fair die. 

Tossing of two thumbtacks. 

Tossing of two dice. 

Drawing of marbles from a box with replacement. 

The experiment should be performed by the students 
and the observed data should be . used to assign probabil- 
ities to the outcomes. By describing verbally various 
events in connection with these experiments, the students 
are led to associate the idea of an event with a subset 
of the outcome space. The advisability of assigning 
equal elementary probabilities of an outcome space shoul 
be discussed for each of the above experiments. 
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Combinatorics 

Goal: To develop some fundamental notions of combinator- 

ics. 



List of subjects: 

1. The fundamental principle 

iplication principle) 

2. Permutations of n things 

3. Humber of subsets 

4. The binomial theorem 



of counting (the mult- 
taken r at a time 



Mathematics needed: Polynomial algebra 



Time allotment: 1 week 



Commentary: 

1 The fundamental principle of counting (f.p.c.) 

is derived in connection with several practical 

examples, e.g. : 

a) number of paths resulting from the com- 
position of two or more trips each of which has 
alternate route sj 

b) number of ways of choosing several courses 
from a menu with more than one choice for each 
course. 

As one application of the f.p.c. one can 
derive the total number of subsets including 
0 of a given set. 

2 The number of permutations of n things thken 

r at a time, denoted by (n) , is derived as a 
consequence of the f.p.c. The case n - r is 
included. 



3. 



4. 



The number of subsets with r elements from a 
set with n elements, denoted by (r), is derived 
from 2) and the f.p.c. It is proved by com- 



inatgriC8(^) ^ (“) + ( “ ) = 

'or asomewhat different approach. 



Dafte 278) 



/n+lx 

sel +1 Engel, 



The binomial theorem is proved by combinatorial 
reasoning. 
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9. Transformations in space — 

Experimentation with shadows: Central projection 

fromspace to a plane, and, in 

to a parallel plane. Enlargement of a photo, stuoy or 
hOTiothetiesLid similar sett. Shadow ^the*un: _ 

vati^ e of P parallellsm f and^^^Wle n point; 1 Se , of /two affine 
bases with P different origins (transfer of drawings). 

10. Elementary trigonometry — 

jem&se v* vssr zsz ssst 

at ions. 

XI. Axiomatic treatment of measure of plane sets — 

Measure: A small axiomatic systan on the measure 

of area oT elementary Plane sets (o(x) 

& ** •- 

U Vwe S ;dd the Archimedes-Cavalieri-Pubini principle, 

" E£Z?i t l£?J££l swls^-Kw 

Kofh curve, itelation between length of an ; ^ °£ r Sxiaate 
circle and the area of corresponding sector. Approx 

Val Xo develop sense of measure, study variation of area 
of a rectangle with given perimeter (using a s ring)# 
study various isoperimetric problems. 
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ABSTRACT 



The Secondary School Mathematics Curriculum Improvement Study 
(SSMCIS) has two main objectives: (l) To formulate and test a uni- 
fied secondary mathematics program (7-12) that will take capable stu- 
dents well into current collegiate mathematics; (2) To determine the 
education required by teachers who will implement such a program. 

Leading U.S. and European mathematicians and educators con- 
structed a scope and sequence flow chart of the proposed 7-12 mathe- 
matics course. A detailed syllabus was prepared for Course I (seventh 
grade) and a textbook for Course I was written. 

Nine junior high schools in the New York Area participated in 
the experimental teaching of Course I. Two capable and interested 
teachers from each school were given summer instruction in the mathe- 
matical concepts and methods of teaching required to teach the new 
course. During the following year each team of two teachers taught 
a single pilot class using the SSMCIS textbooks. 

The experimental teaching was evaluated through personal obser- 
vation by project staff, three tests designed to measure learning of 
important new concepts, and by four conferences involving project 
consultants and the teachers. The experimental teaching showed that 
the new mathematics course, based on fundamental concepts and struc- 
tures was stimulating for the students and teachers, and, with 
several revisions, is a feasible one year course for the seventh 
grade. • 




